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(that is, at 27r,& = 3, where 7, is the radius of the helix)
and equation (7) is therefore a little too stringent when
applied to this case.

An interesting feature of Fig. 3(b) is that distinct
fringes appear in the regions in which Fig. 2(a) and
Fig. 2(b) are identical, but not in all other regions. In
particular, there are no fringes on the fourth layer line,
since one of the diffraction patterns contributes
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nothing to this layer line. Thus the pattern in Fig.3(b)
tells us something about the variation of diffracted
amplitude with y as well as giving the mean intensity
as y is varied.
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For a centrosymmetric structure of all like atoms, a series of relations between structure factors is
derived. The relationship of these results to the Hauptman & Karle statistical formulae for struc-
ture-factor sign determination is indicated ; but an important difference in the statistical weight of
one formula leads to a relation, recently given also by Cochran, for the signs and magnitudes of

certain structure factors.

Much attention is focused at the present time on the
application of statistical methods to the derivation of
relationships between structure factors. Some of these
relationships, or their equivalents, can, however, be
derived by direct trigonometrical manipulation when
the structure consists of all like atoms. For small
departures of the atomic scattering factors from their
mean, the relationships remain statistically true for
a structure of unlike atoms. In this note a set of rela-
tions similar in form to those derived by Hauptman &
Karle (1953, 1954) will be derived trigonometrically.
In P1 the structure factor Fy is given by

N2
Fyp =23 fincos (2nh.X),
j=1

where h.x; = ha;+ky;+lz;.

A normalized structure factor £y, may then be defined

by v 3
En =Fh/(2;f?h) .
j=

When all the atoms in the cell are of like kind, in PI,
N2

E, = ]_V—‘fjél cos (2mh.x;) .

Hence
4 NP2 NP

E} = — 3 X cos (2nL.x,;) cos (2nL.X;)
N2

and therefore

8
NH(BE-1) = But 355, [A]

where
S = X cos (2nL.X;) cos (2nL.x;) .
i>]

[A] has been given in terms of Fy/fn by Cochran
& Woolfson (1954). (EZ—1) is a sharpened Patterson
coefficient which [A] shows to be composed of con-
tributions from vector peaks relating to vectors
through the centre of symmetry via Es, and to the
remaining vectors via Sp.

Hughes (1953) has derived Sayre’s (1952) relation
in terms of unitary structure factors. In terms of
normalized structure factors this relation is

1
(Enbry = 5780 [B]

h;+hg=L

where the left-hand side is the arithmetical mean of
all products Ey Ey,, formed subject to the condition
h,+h, = L.

Hughes’s method may be extended to derive rela-
tionships between intensities. By [A]

N(Ey,—1)(ER,—1)
8 64
= Eon, Bon,+ VE (Eon,Sny+ EonySn,) + IV'ShIShz ,
and therefore
N(ER, —1)(B},~1)) = (Ezn Eonyy
8 64
+ 375 (Bano S + (BonySnpp) + 57 oSy > (1)

where the means are formed subject to 2h; +2h,=2L.
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2E2h18h2 =
;*{ > cos (2n2h, . x,)}{ = cos (27h, . x;) cos (27h, x,)}

N* > cos {27t(2h1:th2 x;+h,.x;)}
:=i=7

2,' 2 cos {27(2h,. X+ h,. x1iX,)}

NE
N $i>7
s$1,7

where all four +, + combinations are to be included.
Averaged over the infinite set 2h,+2h, = 2L, all
cosines vanish except such as are of the form

cos (2rgh, +h,.r) ,
where ¢ is a numerical constant. Accordingly,
(BonySny) = (BanySn) = 0. )

Sp,8p, can be similarly expanded, but much tedium
is avoided by noting that the only cosines of the form

cos (2ngh, +h,.r) arising from
{ 2 cos (27h, .x;) cos (27h, . x;)}
>
x { X cos (2nh,.x;) cos (2nh,. X;)}

i>7
are contained in

2 cos (2nh, . x;) cos (2xh,.X;)
>7
X cos (27h, .x;) cos (27zh,.x;) .
Thus, subject to 2h,+2h, = 2L,

4{8n,Snyy = ( = cos (27h, +h,.x;) cos (27h, +h,.x O

i>7
=8L. (3)
By (2), (3) and [B], relation (1) becomes
16
2\7“‘/2((16'2 —-1)(&3,-1)) = EZL+N§ St (D]
2h1+2h2=2L
Similarly, by using [B] and a relation similar to (2),
N{(E},—1)(Eny)) = By, . [C]
2hy+ho=L

Only the relations [B] and [C] yield information
about structure factors not of the form Ey. Each of
[A], [B], [C] and [D] can give information about the

L.

Relations equivalent to [A], ..., [D] above can be
developed for other space groups. In P2,/a

1+k1)
4

N4

Ey = 2 cos 27 (hlx,+llz,+

1 N&

X cos 27 (kly,-— hlikl) s

and the form of the structure factor is such that it is
also possible to average separately over the vectors

khy, K,l) and (H,k,, L), where L = (H, K, L) is a
constant vector. For example, in this space group

NY¥(BE, D) (=1)TH) = Eopor (4a)
ohy=2H
ol =21
and
N¥(=1)HE(BG —1)) = Eypx0; (4b)

2k =2K
whilst the equivalent of [D] is
N(By, —1)(E},—1)) = Eapogort(— 1)H+KE2}1,0 2L

2h;+2ho=2L
+(—1)FEE o, o+ I THKL )

where Tgr; is an equivalent of St above. Equation
(4a) should be compared with relation (4-41) of Haupt-
man & Karle (1953).

The relations [B], [C] and [D] are identities for an
infinity of data. Any practical use of these relations
involves an estimate of the reliability of a mean in
[B], [C] or [D] calculated from a finite set of data.
A single product N*Ey Ey, can, for example, be ex-
panded and becomes

2 ¥
NiEy By, = Ep in,+ i 2 Z cos (27h, —h,.X;)

2 N2 N2

N*Z'l 2,; cos (27h, . x;+h,. X;)
i=1j=

i+]

9 N2 N2

2 2 cos (2nh;.x;—h,.X;) . 5)
N i=1j=1

itj
Any correlation between cosines on the right of (5)
makes no covariant contribution to the variance as-
sociated with a single product N*Ey, Ey,. Each cosine
not of the form cos 27gh,+h,.r then contributes 3

to this variance. The total variance of a single product
NiEy Ey, is thus

1+2(N/2—1) = N—1.

If the », products NiEy Ey, are assumed to be in-
dependent estimates of their mean, the variance as-
sociated with that mean is

(N—=1)[vy~ N/,
in the case of large N. Finally, using similar argu-

ments, for large N the variance associated with an
estimate of Ky, through [A] is 2N; of E,, through
[B], N/vy; of Egy through [C], 2N2/y,; and of Epp+
(16/N*)Sy, through [D], 4N3/v,.

The variance associated with E,p in [A] is that
calculated on the assumption that L varies; and it
differs in this respect from the variances in [B], [C]
and [D]. It is to be emphasized that the mean in [D]
converges to By +(16/N*)SL; but if [D] is to be used
to obtain an estimate of Ky alone, then, as L varies,
a further contribution 8N, independent of v,, is to be
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included in the associated variance. If the »,, »; and v,
products in [B], [C] and [D] do not contain the same
data, [A], ..., [D] may each be used to give separate
estimates of By . A weighted mean estimate of the
sign of Eyy, is then given by the sign of &, +5, +5,+.5,,
where

E = 2LN-N%(E2L—1) = 2N1 (B2-1);
- /— e
If 8N < 41)—1\73, E, becomes

4

— v
£y — 24 N8~ 1) (B, 1))
2hy+2ho=2L

1 Z(B-1)(B-1).

T 4 N33 2hyi2hp=2L

The set &;(z = 1, 2, 3), together with the second form
of E,, should be compared with the X2}, evaluated for
all like atoms, of Hauptman & Karle (1954).

A much better weighted mean estimate of Ky, can
be obtained, however, by allowing for the correlation
of the Si terms in [A] and [D]. Omitting [B] and [C]
for simplicity, and using the symbols [A] and [D] to
denote just the left-hand sides of those equations, the
best estimate of E,p, will be given by

Al+k
e ) ©)

where k£ is chosen to give minimum variance to g.
Using the above variances of [A] and [D], (2N and
(4N3/v,)+8N), and their covariance 4N, g is found to
be the best estimate of Ey when

1

_ _-1_ - . 7
k E1+N?y,’ ()

the variance of ¢ is then
4 N3/, +8N5[v}
(14+2N2[p)2 °
As v, — 0, £ — 0 and the variance — 2N, so that the
emphasis is correctly put on [A]. For large », the

variance is 4N3/y,, and as v, > oo, k- —% and the
variance — 0, giving the exact result

2N (B} —1)— N**((EB}, —1) (B2, ~1)) = Eav.

2hy+2hy= 2L

(8)

[E]

This limiting result may, of course, be written down

directly by eliminating Sy, between [A] and [D]. In
P2,/a, a similar relation can be derived only by making
use of additional relations of the type of (4).

Relation [E] has been derived from a different point
of view by Cochran (1954), who has interpreted it in
terms of the subtraction of a squared Patterson func-
tion from twice the normal Patterson function and
has shown that it is valid only when the Patterson
formed from the available data is completely resolved.
In the present derivation the latter restriction cor-
responds to the failure of the averaging process in (2)
and (3) for two close vectors and a finite set of data
of low limiting reciprocal radius. Similarly, (7) and (8)
are correct only when the v, reflexions are a random
selection from the whole of reciprocal space. However,
it should be possible to obtain useful results when some
of the Patterson peaks are unresolved, especially since
any routine procedure based on (6) or [E] would also
incorporate [B] or [C] on the lines suggested by
Hauptman & Karle (1953, 1954). The number of un-
resolved Patterson peaks will increase with NV, so that
such a procedure will fall off in efficacy as the struc-
tures considered become more complex. This is also
apparent from the fact that, on assuming the number
v of reflexions available to be approximately propor-
tional to N, the variances of the estimates of E,
through [A], [C], [D] and (6) all increase as powers
of N. It is true that a process of sign determination
starts with the largest |Ey|’s and that the probable
largest value of |Ey| increases with N since there are
now more reflexions; but this largest value of |Ey|
increases more slowly than a power of N, and there-
fore the increasing variances predominate.

For a given structure it is always possible to check
whether formulae of the type (6) or [E] are likely to
be useful in sign determination, since they have the
merit of predicting both the sign and the magnitude
of By from a set of |Ey|. Approximately one-eighth
of the predicted E,, can be compared with the
measured |Ey| in magnitude and some a posterior
estimate of the reliability of a prediction given. Such
a posterior: estimates will supplement the a prior:
estimates of the reliability obtained from (8) which
will be in error when there are unresolved Patterson
peaks. Good agreement between measured and esti-
mated |H,p|’s is unlikely unless », is large.
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